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Abstract – Information geometry, as a powerful
though complex mathematical tool can provide addi-
tional insights in the analysis of sensor measurement.
In this paper, the application of information geometry
to the analysis of sensor networks is explored in an
attempt to gain a better understanding of sensor sys-
tem issues for target detection and tracking. In partic-
ular, the (integrated) Fisher information distance be-
tween two targets is used to measure target resolvabil-
ity in the region covered by the sensor system and is
approximately calculated. It is also compared with the
Kullback Leibler divergence. The proposed analysis is
elucidated via two simple sensor network examples in
the context of target tracking. The preliminary analysis
results presented in this paper provide evidence that in-
formation geometry is able to offer consistent but more
comprehensive means to understand and solve sensor
network problems which are difficult to deal with via
conventional analysis methods.
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1 Introduction
Information geometry studies intrinsic properties of
manifolds of probability distributions [1]. The main
tenet of information geometry is that many important
structures in probability theory, information theory and
statistics can be treated as structures in differential ge-
ometry by regarding a space of probabilities as a dif-
ferentiable manifold endowed with a Riemannian met-
ric and a family of affine connections distinct from the
canonical Levi-Cevita affine connection. The manifold
is proved to have a unique Riemannian metric given by
the Fisher information matrix (FIM), and a dual pairs
of affine connections [1].

As a powerful tool, information geometry offers com-
prehensive results about statistical models simply by
considering them as geometrical objects.

Information geometry has found many applications
in the asymptotic theory of statistical inference [2],
semiparametric statistical inference [3], the study of
Boltzmann machine [4], the Expectation Maximisation
(EM) algorithm [5], and learning of neural networks
[6], all with certain degree of success. In the last two
decades, its application has spanned several discipline
areas such as information theory [7, 8], systems theory
[9, 10], mathematical programming [11], and statisti-
cal physics [12, 13]. It also played a central role in the
multiterminal estimation theory [14]. In neuroscience it
was used for extracting higher-order interactions among
neurons [15]. Many researchers around the world are
extending their work on this theory to a new level of
applications and interpretations.

In this paper, the application of information geom-
etry to the analysis of sensor networks is explored in
an attempt to gain a better understanding of sensor
system issues for target detection and tracking. In par-
ticular, the Fisher information distance (FID) between
two targets is used to measure target resolvability in
the region covered by the sensor system and is approx-
imately calculated. It is also compared with the Kull-
back Leibler divergence (KLD). The proposed analy-
sis method is elucidated via two simple sensor network
examples in the context of target tracking. The pre-
liminary analysis presented in this paper provides evi-
dence that the information geometry theory is able to
offer consistent but more comprehensive means to un-
derstand and solve sensor network problems which are
difficult to deal with via conventional analysis methods.

In the next section, the mathematical background of
the problem is stated. Principles of information geome-
try are described in Section 3. In Section 4, sensor net-



work information measured in FID on statistical mani-
folds is analyzed via two basic types of sensor network
problems. Analytical results are discussed in Section 5
followed by the conclusions in Section 6.

2 Problem Formulation
Without loss generality, we will start our analysis by

considering the problem of multi-target tracking in a
sensor network where the state of interest θk at time
k consists of target positions and velocity components
and the evolution of θ is modeled as a Markov process
subject to a random noise, i.e.

θk = f(θk−1) + vk, vk ∼ N ( 0, Qk ) (1)

where f is the system dynamical model and the noise vk
is assumed to be Gaussian distribution with zero mean
and covariance Qk. The measurement of the system xk
at time k is modeled as

xk = µ(θk) +wk, wk ∼ N ( 0, Ck ) (2)

where the measurement function µ connects the mea-
surement xk with target state θk, and wk is the mea-
surement noise which is also assumed to be a zero mean
Gaussian with covariance Ck.

The multi-target tracking problem is to find an es-
timate of the posterior probability density of target
current state based on a sequence of measurements.
However, in this paper the underlying problem will
be viewed from the sensor network design perspective,
where we are more interested in the information gath-
ering capacity of a measurement and in optimization of
this over time.

In particular, it would be desirable to calculate the
distance, i.e., FID, between two targets on the statisti-
cal manifolds and thus understand how the Euclidean
distance differs from the information distance between
two targets. It is also interesting to obtain insight about
how the KLD is related to the FID. These ideas form
the crux of the research work described in this paper.

3 Principle Of Information Ge-
ometry

3.1 Definition of Statistical Manifold

We consider the parameterized family of probability
distributions S = { p(x|θ )}, where x is a random vari-
able and θ = (θ1, · · · , θn) is a real vector parameter to
specify a distribution [15]. The family is regarded as
a statistical manifold with θ as its natural coordinate
system.

For a given state of interest θ in the parameter
space Θ ∈ Rn, the measurement x in the sample
space X ∈ Rm corresponds to a probability distribu-
tion p(x|θ ). Each probability distribution p(x|θ ) cor-
responds a point in the manifold S. The parameterized

family of probability distributions S = { p(x|θ )} forms
an n-dimensional statistical manifold where θ plays the
role of a coordinate system of S.

3.2 Fisher Information Distance

For a parameterized family of probability distribu-
tions on a statistical manifold, Fisher information ma-
trix (FIM) plays the role of a Riemannian metric ten-
sor1 [16]. Denoted by I(θ) =

{
[I(θ)]ij

}
, the FIM mea-

sures the amount of information the random variable x
tells about the parameter θ, i.e.,

[I(θ)]ij = E

{
∂ log p(x|θ)

∂θi
· ∂ log p(x|θ)

∂θj

}
(3)

To provide the nature of operations on the manifold,
the important concepts such as distance, angle and tan-
gent are defined in an analogous way to the case of
a Cartesian coordinate system. Information geometry
permits the definition of a distance between statisti-
cal distributions that is invariant to non-singular pa-
rameterisation transformations [17]. The squared dis-
tance between two closely spaced distributions p(x|θ)
and p(x|θ + dθ) is given by the quadratic form of dθ
[15],

ds2 =
∑
ij

[I(θ)]ij dθidθj = dθT I(θ)dθ (4)

The FID between two distributions p(x|θ1) and p(x|θ2)
is defined by the following integral [18]

DF (θ1, θ2)
4
= arg min

θ(t)

∫ t2

t1

√(dθ
dt

)T
I(θ)

(
dθ

dt

) dt

θ(t1) = θ1, θ(t2) = θ2 (5)

where θ = θ(t) is the parameter path along the param-
eter space Rn. Essentially, (5) amounts to finding the
length of the shortest path, i.e. the geodesic, on the
statistical manifold S connecting coordinates θ1 and
θ2.

In general, it is very difficult to find the geodesic on a
statistical manifold. While the FID (5) is difficult to be
exactly computed, the distance between two distribu-
tions p(x|θ) and p(x|θ+dθ) may be approximated with
a variety of alternatives such as the Kullback-Leibler di-
vergence [18],

KL[p(x|θ)||p(x|θ + dθ)]

=
∫
p(x|θ) log

p(x|θ)
p(x|θ + dθ)

dx

= E
{

log p(x|θ)− log p(x|θ + dθ)
}

(6)

1When it is non-singular at every parameter point.



It is well known that the following relationship be-
tween the KLD and differential Fisher information dis-
tance hold [15].

ds2 = 2KL [p(x|θ)||p(x|θ + dθ)] (7)

From the Taylor expansion around the distribution
p(x|θ), we have

log p(x|θ + dθ) = log p(x|θ) + dθT∇θ

[
log p(x|θ)

]
+

1
2
dθT∇θ∇Tθ

[
log p(x|θ)

]
dθ +O

(
|dθ|3

)
(8)

where ∇θ

[
log p(x|θ)

]
denotes the gradient of log p(x|θ)

and ∇θ∇Tθ
[
log p(x|θ)

]
the Hessian matrix, both evalu-

ated at θ.
Note that the regular condition of the PDF [19] is

E
{
∇θ

[
log p(x|θ)

]}
= 0, ∀θ ∈ Θ (9)

and

E
{
∇θ∇Tθ

[
log p(x|θ)

]}
= −I(θ) (10)

Hence, in view of (8)–(10) the KLD (6) is given by

KL [p(x|θ)||p(x|θ + dθ)] =
1
2
dθT I(θ)dθ +O

(
|dθ|3

)
(11)

As p(x|θ + dθ)→ p(x|θ), (7) follows.
The KLD allows for the approximation of the infor-

mation distance in the absence of the geometry of the
statistical manifold, though it is not a genuine met-
ric. A closed form KLD for Gaussian distributions is
available in [20] and was used to compute KLD in this
paper.

Concepts of tangent and orthogonality can be defined
by analogy with the same concepts in a Euclidean space
since they are local phenomena [15]. These topics are
out of the scopes of this paper. Interested readers may
refer to the references [21, 22, 23].

4 Application Examples In Sen-
sor Networks

Two simple sensor network examples are given in this
section to demonstrate the analysis of sensor networks
by using statistical manifold techniques. As we men-
tioned earlier, it is not trivial to evaluate FID, we ap-
proximate this distance by calculating the integral of
the differential FID (5) along a straight line (rather
than the geodesic) between the locations of the two tar-
gets in the parameter space. This idea is illustrated in
Fig. 1. We use this distance to measure the resolvabil-
ity of closely spaced targets for a given sensor network.

Figure 1: Geometry used for the approximation of the
geodesic path.

4.1 Example 1: Network of Single Con-
ventional Radar with Static Targets

In this example, the state of a target is simply repre-
sented by its location, i.e., θ = [x, y]T . The sensor can
observe both range and bearing of the target and the
measurement model (2) is written as

x =
[
r
φ

]
=
[ √

x2 + y2

arctan( yx )

]
+
[
wr
wφ

]
(12)

where r and φ denote the range and bearing compo-
nents of the measurement subject to an additive zero-
mean Gaussian noise w = [wr, wφ]T with covariance
C(θ). Therefore, the measurement x obeys a normal
distribution,

x|θ ∼ N
(
µ(θ), C(θ)

)
(13)

where

µ(θ) =
[ √

x2 + y2

arctan( yx )

]
, C(θ) =

[
r4σ2

r 0
0 σ2

φ

]
(14)

In C(θ), the term r4 is appeared in the diagonal of
range component to take into account the fact that the
amplitude of the radar echo signal attenuates according
to the fourth power of the target range, σr and σφ are
the standard deviations of range and bearing measure-
ment noise, respectively.

As shown in [24], the FIM [I(θ)]ij for the underlying
measurement model (13) is of the form

[I(θ)]ij =
[
∂µ(θ)
∂θi

]T
C−1(θ)

[
∂µ(θ)
∂θj

]
+

1
2

tr
[
C−1(θ)

∂µ(θ)
∂θi

C−1(θ)
∂µ(θ)
∂θj

]
(15)



Therefore, the FIM can be calculated and the squared
differential FID in (4) is calculated as

ds2 =
2∑

i,j=1

[I(θ)]ij dθidθj

=
1

(x2 + y2)2

[
x2

(x2 + y2)σ2
r

+
y2

σ2
φ

+ 8x2

]
dx2

+
1

(x2 + y2)2

[
y2

(x2 + y2)σ2
r

+
x2

σ2
φ

+ 8y2

]
dy2

+
2

(x2 + y2)2

[
xy

(x2 + y2)σ2
r

− xy

σ2
φ

+ 8xy

]
dxdy

(16)

The integral in (5) is done along the geodesic that con-
nects the locations of the two targets. Since computing
the geodesic is not trivial, the geodesic path as shown
in Fig. 2 is approximated via a parametric equation
θ = θ(t) of a straight line between the two targets, i.e.,

x = x1 + t cosα
y = y1 + t sinα (17)

where the parameter t, t ∈ [0, d], d =√
(x2 − x1)2 + (y2 − y1)2 represents the chord length

from T1 to T2, and as shown in Fig. 2 α is the inclina-
tion angle of this line. We have

tanα =
y2 − y1
x2 − x1

(18)

Substituting (17) into (16) as a function of the param-

Figure 2: The parametric model for approximately
computing the FID between two closely spaced targets.

eter t, we see that the squared differential FID becomes

ds2 =
dt2

A2(t)

{[ (x1 + t cosα)2

A(t)σ2
r

+
(y1 + t sinα)2

σ2
φ

+ 8(x1 + t cosα)2
]

cos2 α+
[ (y1 + t sinα)2

A(t)σ2
r

+
(x1 + t cosα)2

σ2
φ

+ 8(y1 + t sinα)2
]

sin2 α

+
[ 1
A(t)σ2

r

− 1
σ2
φ

+ 8
]
2(x1 + t cosα)

× (y1 + t sinα) sinα cosα
}
≡ B(t)
A2(t)

dt2 (19)

where

A(t) = x2
1 + y2

1 + 2(x1 cosα+ y1 sinα)t+ t2 (20)

Therefore,

ds =

√
B(t)
A(t)

dt (21)

and the FID between the two targets T1 and T2 is ap-
proximated by the following integral

D =
∫
L

ds =
∫ d

0

√
B(t)
A(t)

dt (22)

Assume that the area of interest is 40× 40 and σ2
r =

1, σ2
φ = 0.04. The sensor is located at the origin of

coordinates. The target T1 is located at (20, 10).
Fig. 3 shows the information distance between two

closely spaced targets T1 and T2. In the calculation we
fix the location of target T1 and move target T2 around
the area centered at the location of T1 with a circular
radius of 15. A same plot is generated in Fig. 4 in
KLD.

Figure 3: FID between two closely spaced targets.

Fig. 5 is the contour map of Fig. 3. It illustrates
the sensing ability of the sensor network to distinguish
two closely spaced targets. A minimum detectable in-
formation distance may be identified in the map. If



Figure 4: KLD between two closely spaced targets.

information distance between two targets is below the
threshold, the two closely spaced targets may not be
distinguished by the sensor system. The contour map

Figure 5: The contour map of the information distance.

generated via KLD in the same scenario as in Fig. 5 is
given in Fig. 6.

4.2 Sensor network with range-only
measurements from three sensors

Secondly, we consider an extended example of the
target localization problem in a sensor network involv-
ing three range-only sensors. As shown in Fig. 7, these
three distributed sensors are located at (ηi, ξi), i =
1, 2, 3 and may only observe the range of a target sub-
ject to a random range noise. In this network configura-
tion, the measurement model (2) is written as follows,

x =


√

(x− η1)2 + (y − ξ1)2√
(x− η2)2 + (y − ξ2)2√
(x− η3)2 + (y − ξ3)2

+

 w1

w2

w3

 (23)

wherew = [w1, w3, w3]T is an additive zero-mean Gaus-
sian noise with covariance C(θ). As in the first exam-

Figure 6: KLD between two closely spaced targets.

ple, the likelihood function is also described by Equa-
tion (13), where

µ(θ) =


√

(x− η1)2 + (y − ξ1)2√
(x− η2)2 + (y − ξ2)2√
(x− η3)2 + (y − ξ3)2

 ,
C(θ) = diag

[
r41σ

2
1 , r

4
2σ

2
2 , r

4
3σ

2
3

]
(24)

Figure 7: Example of sensor network of three range
only sensors for target localisation

As before, the FIM for this measurement model can
be derived using (15) and the squared differential infor-
mation distance ds2 between two target measurements
p(x|θ) and p(x|θ+ dθ) can be written in the following
quadratic form of dθ,

ds2 =
∑
ij

[I(θ)]ij dθidθj

=
3∑
i=1

[
1

r2i σ
2
i

+ 8
] [

x− ηi
r2i

dx+
y − ξi
r2i

dy

]2
(25)



and it is parameterised as a function of t using (17):

ds2 = F(t)dt2 = dt2
3∑
i=1

{[
1

Ai(t)σ2
i

+ 8
]

(26)

×
[
x1 − ηi + t cosα

Ai(t)
cosα+

y1 − ξi + t sinα
Ai(t)

sinα
]2}

where

Ai(t) = (x1 − ηi + t cosα)2 + (y1 − ξi + t sinα)2,
i = 1, 2, 3 (27)

Then the approximate FID between two closely spaced
targets T1 and T2 is the following integral

D =
∫ d

0

√
F(t)dt (28)

Figures 8 and 9 show both a 3D plot and its con-
tour map for the FID between two targets where three
range only sensors were used for taking target measure-
ment. Clearly, in this case the uncertainty area where
the value of FID below a threshold becomes isolated
and target T2 outside this area can be distinguished
from target T1.

In the calculations, we assume that the three sensors
were located at (0, 0), (15, 30) and (50, 10) and σ1 =
1, σ2 = 2, and σ3 = 3, respectively. Target T1 was
located at (20, 10) on the location plane.

Figure 8: The information distance between targets T1

and T2 for the three range-only sensor network.

5 Discussions
In Section 4, the analysis of sensor networks on

the statistical manifolds is demonstrated via two basic
forms of sensor network scenarios. In contrast to the
deterministic case where measurements are real-valued
feature vectors in the Euclidean space, we consider the
stochastic case where measurements can be represented
as the points on a statistical manifold, i.e, a manifold of

Figure 9: The contour map of the information distance
plotted in Figure 8.

PDFs. In other words, it should be realised that both
targets and their measurements are the realizations of
some PDFs which lie on a statistical manifold. Using
the properties of information geometry and statistical
manifolds, the resolvability of two closely spaced tar-
gets is graphically illustrated. Further discussions and
observations for the analysis results are presented be-
low.

1. When the parameters to be estimated are consid-
ered as the points on a statistical manifold, infor-
mation geometry elucidates the hierarchical struc-
tures of random variable reference to geometric
concepts such as distance, tangent as well as or-
thogonality between probability distributions. In
this paper, the FID on the statistical manifolds
is calculated and used to measure the information
difference between two targets for a given sensor
system. Demonstrated in Figures 3, and 8, the
FID between two targets describes the resolvabil-
ity in the presence of multi-target using network
sensors, which provides more informative than the
Euclidean distance in the context of target detec-
tion.

2. On the other hands, the FID may be regarded as a
description of the information associated with mea-
surement uncertainty. The information acquired
by sensor networks determines the estimation ac-
curacy of target states. The contour maps of the
FID presented in our examples such as Figures 5,
9, reflect the estimation accuracy of target states
(positions) which can be achieved by an unbiased
estimator. In practice, a threshold corresponding
to the minimum detectable information may be
set. Two closely spaced targets will not be re-
solved with the measurement by the sensor sys-
tem alone if the FID is below the threshold. Fig.



10 illustrates several location regions for the three
range-only sensor network. All regions represent
identical FID between two targets with one target
located at the center of the region and the other
at the edge of the region. It indicated that the
best achievable estimation accuracy is quite differ-
ent when targets are at different locations across
the surveillance area of interest.

Figure 10: Target localisation accuracy at different lo-
cations in terms of FID.

3. In both sensor network examples, the computed
FID was found consistent with KLD measure when
two targets are reasonably close. Therefore, the
KLD plots for the second sensor network scenario
were omitted.

6 Conclusions

In this paper, the potential application of information
geometry in the analysis and design of networked sensor
systems is highlighted via two basic types of sensor sys-
tems for target tracking, where the Fisher information
distance is used to measure the information difference
between two targets and is approximately computed.
It is found that the calculated information distance is
consistent with the KLD measure when the two targets
are reasonably close. The initial analysis results demon-
strated that the projection of sensor measurements onto
the statistical manifolds provides additional judgement
to target resolvability issue for a given sensor system.
Indeed, information geometry offers a powerful tool for
sensor network design, evaluation and re-configuration.

It should be pointed out that the proposed approxi-
mation for the calculation of FID is only valid for closely
spaced targets and the exact FID must integrated along
the geodesic connecting the two target states. The work
is currently undertaken and will be reported elsewhere.
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